Abstract. We confirm a conjecture that the round sphere is the only compact, embedded self-similar shrinking solution to the mean curvature flow with genus 0.
Introduction
This paper is concerned with a uniqueness theorem for self-similar shrinking solutions to the mean curvature flow in R 3 . A surface M ⊂ R 3 is called a self-similar shrinker if it satisfies the equation H = 1 2 x, ν , where H and ν denote the mean curvature and the unit normal vector. This condition guarantees that the surface M moves by homotheties when evolved by the mean curvature flow.
The simplest example of a self-similar shrinker in R 3 is the round sphere of radius 2 centered at the origin. G. Drugan [9] has constructed an example of a self-similar shrinker of genus 0 which is immersed but fails to be embedded. S. Angenent [1] has constructed an example of an embedded self-similar shrinker of genus 1. Moreover, N. Kapouleas, S. Kleene, and N. Møller [13] have constructed new examples of non-compact self-similar shrinkers using gluing techniques.
The main goal of this paper is to confirm the following well-known conjecture: Theorem 1. Let M be a compact, embedded self-similar shrinker in R 3 of genus 0. Then M is a round sphere.
The classification of self-similar solutions to geometric flows is an interesting problem with important applications to the analysis of singularities. For example, Huisken's montonicity formula for the mean curvature flow implies that any Type I blow-up limit is a self-similar shrinking solution (see [11] , Theorem 3.5, or [10] ). In a remarkable recent work, T. Colding and W. Minicozzi [6] , [7] proved that a self-similar shrinker which is a stable critical points of a certain entropy functional must be a sphere or a cylinder. The round sphere is also known to minimize entropy among closed self-shrinkers (cf. [8] ). L. Wang [16] has obtained a classification of self-similar shrinkers which are asymptotic to cones. We also note that X. Wang [17] has proved a uniqueness result for convex translating solutions to the mean curvature
The author was supported in part by the National Science Foundation under grant DMS-1201924. flow which can be expressed as graphs over R 3 . Finally, in [2] , we classified all steady gradient Ricci solitons in dimension 3 which are κ-noncollapsed.
In view of the examples of Drugan and Angenent, any proof of Theorem 1 must exploit both the embeddedness assumption and the assumption on the genus. In that respect, Theorem 1 shares some common features with Lawson's Conjecture on embedded minimal tori in S 3 (cf. [3] , [4] ).
We now sketch the main ideas involved in the proof of Theorem 1. Suppose that M is a compact, embedded self-similar shrinker in R 3 of genus 0. In the first step, we show that, for any plane P ⊂ R 3 which passes through the origin, the intersection M ∩ P consists of a single Jordan curve which is piecewise C 1 . This argument is inspired in part by the two-piece property for embedded minimal surfaces in S 3 (cf. [14] ). We next prove that M is star-shaped. Indeed, if x, ν(x) = 0 for some pointx ∈ M , then we consider the tangent plane P to M atx. Clearly, P passes through the origin, so the intersection M ∩ P consists of a single Jordan curve. On the other hand, M ∩ P contains at least two arcs which intersect transversally atx. This gives a contradiction.
Having established that M is star-shaped, it follows that the mean curvature of M does not change sign. A well-known result due to G. Huisken [11] then implies that M is a round sphere.
The key estimate
It is well-known that self-similar shrinkers can be characterized as critical points of a functional. More precisely, Σ is a self-similar shrinker if and only if Σ is a critical point of the functional
As in [6] , we define
The second variation of F can be written in the form
where f is a test function with compact support (see e.g. [6] , Theorem 4.14).
Lemma 2. Suppose that F is a smooth function in R 3 , and let f denote the restriction of
where∇F andD 2 F denote gradient and Hessian of F with respect to the Euclidean metric.
Proof. We compute
This proves the assertion. for every smooth function f which vanishes on the set Γ ∪ (Σ ∩ {|x| ≥ k}). Finally, we assume that Γ ⊂ { a, x = 0} for some unit vector a ∈ R 3 . Then
where C is a numerical constant.
Note that
Moreover, we have
This implies
Let f k : Σ → R denote the restriction of F k to Σ. Using Lemma 2, we obtain
In the last step, we have used the inequality η ′ ≤ 0. Consequently,
Note that f k vanishes on the set Γ ∪ (Σ ∩ {|x| ≥ k}). Using f k as a test function in the stability inequality gives
From this, the assertion follows easily.
Proof of Theorem 1
Throughout this section, we assume that M is a compact, embedded selfsimilar shrinker in R 3 of genus 0. The following result is well-known: Proof. It follows from Lemma 2 that the function f (x) := a, x satisfies the equation
(see also [6] , Lemma 3.20 Our next result is similar in spirit to the two-piece property for embedded minimal surfaces in S 3 established by A. Ros [14] .
Proposition 5. For each unit vector a ∈ R 3 , the set {x ∈ M : a, x = 0} consists of a single Jordan curve in M which is piecewise C 1 .
Proof. The complement R 3 \ M has two connected components which we denote by Ω andΩ. To fix notation, let us assume that Ω is unbounded andΩ is bounded. By Lemma 4, the set Z := {x ∈ M : a, x = 0} consists of finitely many C 2 arcs which meet at isolated points. Consequently, we can find a Jordan curve Γ which is contained in the set {x ∈ M : a, x = 0} and is piecewise C 1 . Since M has genus 0, Γ bounds a disk in M .
For k sufficiently large, we denote by C k the set of all embedded disks S ⊂Ω ∩ {|x| ≤ 2k} with the property that ∂S = Γ. The fact that Γ bounds a disk in M implies that C k is non-empty if k is sufficiently large. Moreover, we choose a smooth cutoff function
We now consider the functional
for S ∈ C k . We can interpret F k as the area functional for the conformal metric e − |x| 2 4 +ψ k (|x|) δ ij . For k sufficiently large, the region Ω ∩ {|x| ≤ 2k} is a mean convex domain with respect to this conformal metric. Therefore, general results from [12] guarantee that there exists a smooth embedded surface Σ k ∈ C k which minimizes the functional F k . Since Σ k is a global minimizer for the functional F k , it is easy to see that
Moreover, we have H = for every smooth function f which vanishes on the set Γ ∪ (Σ k ∩ {|x| ≥ k}). Using Proposition 3, we conclude that
for each k. Thus,
→ 0 as k → ∞. Finally, it follows from Theorem 3 in [15] that
for every compact set W ⊂ R 3 \ Γ. We now pass to the limit as k → ∞. After passing to a subsequence if necessary, the surfaces Σ k converge weakly to a locally integral current T . Clearly, T has boundary Γ. Moreover, (2) implies that T is supported on a smooth surface Σ ⊂ R 3 \ Γ. Finally, (1) implies that Σ is totally geodesic. From this, we deduce that Σ is contained in the plane {x ∈ R 3 : a, x = 0}. We next consider the setC of all embedded disks S ⊂Ω with boundary ∂S = Γ. As above,C is non-empty since Γ bounds a disk in M . We now consider the functional F . The functional F can be viewed as the area functional for the conformal metric e − |x| 2 4 δ ij . Clearly,Ω is a mean convex domain with respect to this conformal metric. Using results in [12] , we can find a smooth embedded surfaceΣ ∈C which minimizes the functional F . Clearly, the surfaceΣ satisfies H = Therefore,Σ is totally geodesic. Consequently,Σ is contained in the plane {x ∈ R 3 : a, x = 0}. In summary, both Σ andΣ are contained in the plane {x ∈ R 3 : a, x = 0}, and have the same boundary Γ. Moreover, Σ is contained in the closure of Ω andΣ is contained in the closure ofΩ. It follows from the strict maximum principle that Σ andΣ cannot touch M away from Γ. Consequently, Σ \ Γ ⊂ Ω andΣ \ Γ ⊂Ω. In particular, Σ \ Γ andΣ \ Γ are disjoint. Thus, we conclude that {x ∈ R 3 : a, x = 0} = Σ ∪Σ ∪ Γ.
Thus, the set {x ∈ M : a, x = 0} coincides with Γ. This completes the proof of Proposition 5.
We note that the conclusion of Proposition 5 is false if M is an embedded shrinker of higher genus; however, in that case we can still prove that any plane through the origin divides M into two connected regions.
We now complete the proof of Theorem 1. Suppose that M is an embedded self-similar shrinker in R 3 which has genus 0 but is not a round sphere. A result of G. Huisken [11] implies that the mean curvature H must change sign. In particular, we can find a pointx ∈ M such that H(x) = 0. Using the shrinker equation, we conclude that x, ν(x) = 0. We now define a := ν(x) and f (x) := a, x . By Proposition 5, the set Z := {x ∈ M : f (x) = 0} consists of a single Jordan curve in M which is piecewise C 1 . On the other hand, we have f (x) = 0 and ∇ M f (x) = 0. This means that f vanishes to some finite order m ≥ 2 atx. By Lemma 4, we can find an open neighborhood U ofx such that Z ∩ U is a union of m C 1 -arcs which meet transversally atx. Since m ≥ 2, the set Z cannot be a Jordan curve. This is a contradiction.
Noncompact self-similar shrinkers
In this final section, we sketch how our arguments can be adapted to the noncompact case.
1 Suppose that M is a non-flat, properly embedded selfshrinker with M e − |x| 2 4 < ∞. Moreover, suppose that any two loops in M have vanishing intersection number mod 2. We want claim that the mean curvature cannot change sign.
Indeed, if H does change sign, we can find a pointx such that x, ν(x) = 0. As above, we define a function f : M → R by f (x) := a, x where a := ν(x). There are two cases now:
Case 1: Suppose that the sets {f > 0} and {f < 0} are both connected. In this case, we can construct two loops with the property that the first loop is contained in {f > 0} ∪ {x}, the second loop is contained in {f < 0} ∪ {x}, and the two loops intersect transversally atx. This contradicts our assumption about the intersection number.
Case 2: Suppose now that one of the sets {f > 0} and {f < 0} is not connected. Without loss of generality, we may assume that {f > 0} fails to be connected. Let M + be a connected component of {f > 0}.
Let Ω andΩ denote the regions bounded by M . By Sard's Lemma, we can find a sequence of numbers r k ∈ (k +1, k +2) such that the sphere {|x| = r k } intersects M transversally. By smoothing out the domain Ω ∩ {|x| ≤ r k }, we obtain a smooth domain Ω k such that Ω k ∩ {|x| ≤ 2k} = Ω ∩ {|x| ≤ 2k} and Ω k ⊂ {|x| ≤ 3k}. Let χ k :Ω k → [0, 1] be a smooth function with the property that χ k = 0 on the set Ω k ∩ {|x| ≤ k} and Ω k is a mean-convex domain with respect to the conformal metric e +χ k (x) δ ij . Pick ρ k ∈ (k, 2k) such that the sphere {|x| = ρ k } intersects M and ∂M + transversally. Let Σ k be a surface which minimizes the modified area functional
among all surfaces S ⊂Ω k with boundary
Similarly, letΣ k be a surface which minimizes the functional among all surfaces S ⊂Ω k with boundary ∂S = ∂(M + ∩ {|x| ≤ ρ k }). As above, one can show that Σ k andΣ k converge to currents T andT which have boundary ∂M + . These currents are supported on smooth surfaces Σ,Σ ⊂ R 3 \ ∂M + , which are totally geodesic by Proposition 3. We again distinguish two subcases: Subcase 2.1: Both Σ andΣ are contained in the plane {x ∈ R 3 : a, x = 0}. In this case, the union Σ ∩Σ ∪ ∂M + is a subset of the plane {x ∈ R 3 : a, x = 0} which is both open and closed. This means that {x ∈ R 3 : a, x = 0} = Σ ∩Σ ∪ ∂M + . Arguing as above, one can conclude that {f = 0} = ∂M + . This easily implies that {f > 0} = M + . This contradicts the fact that {f > 0} fails to be connected.
Subcase 2.2:
There exists a connected component of Σ orΣ which is not contained in the plane {x ∈ R 3 : a, x = 0}. This connected component must be a halfplane whose boundary is a straight line L passing through the origin. Thus, there exists halfplane which is disjoint from M , but whose boundary L is contained in M . This situation be ruled out by a recent result of Brian White [18] .
Consequently, H cannot change sign. If we assume that M has polynomial area growth, then a theorem of Colding and Minicozzi [6] implies that M is a cylinder.
